We find families of words W where W is a product of k pieces for k=2. For k=3,4,6, W arises in a small cancellation group with single defining relation W=1. We assume W involves generators but not their inverses and does not have a periodic cyclic permutation (like XY...XYX for nonempty base word XY). We prove W or W written backwards equals ABCD where ABC, CDA are periodic words with base words of different lengths. One family includes words of the form EFGG for periodic words G, E, F with the same base word and increasing lengths. Other W are found using Mathematica.
Introduction.
A small cancellation condition on a group's defining relations yields, for example, a solution to the conjugacy problem. See [1, 4] . There are 3 types of such conditions. Each includes a condition C(k) for k = 3, 4 or 6, depending on the type. For a group G with one defining relation R = 1, C(k) involves the set [R] of cyclic permutations of R and of R −1 . A piece is a nonempty, initial subword of 2 distinct members of [R] . C(k) requires that no word in [R] is a product of fewer than k pieces.
To study a "large cancellation" group G and avoid all small cancellation types, we can use the condition that R is a product of 2 pieces. What does such a word R look like? For simplicity, in this paper we consider words involving generators but not their inverses. In particular, we study 2-piece words R, meaning R involves generators but not their inverses and R is a product of 2 pieces.
(1.1) An attempt to classify these words led to the results in this paper. These results also lie in the field of combinatorics on words which is surveyed in [3] .
Summary of results.
For convenient exposition, from now on, a word W is a finite sequence of letters taken from some alphabet; |W | = length of W ; the empty word=1; |1| = 0. Write W ∼ V if W, V are cyclic permutations. W is 2-piece if The main results are: If a 2-piece word W has no periodic cyclic permutation then W or W written backwards is biperiodic. Each biperiodic word is 2-piece. W is biperiodic and |S| < |RS| < |P R| < P Q| < |RSR| is equivalent to (∃A, B, a, b, c, m, n) W = A(BA) b (A(BA) c ) m (A(BA) a ) n together with AB = BA, 1 < a < b < c ≤ 2a, m, n ≥ 1. Such a word W is not periodic for n ≥ 2. Two other similar equivalences are proved. Other as yet unclassified biperiodic words are found using Mathematica.
The title of the paper refers to the periodic subwords P (QP ) m+1 , R(SR) n+1 which begin word W = P (QP ) m R(SR) n and its cyclic permutation R(SR) n P (QP ) m , respectively, whenever W is biperiodic and hence 2-piece.
Terminology.
Terminology in the previous section is augmented as follows. Let A, B be words over some alphabet. The concatenation of words A, B is written as a product AB. The product of k copies of A, written A k , is a power of A if k ≥ 0, with A 0 = 1, and a proper power if k ≥ 2. Call W simple if W is not a proper power. Note the empty word E = 1 is not simple since E = E 2 We restate a definition to enable later reference to its parts:
m for some words Q = 1, P and some integer m ≥ 1.
n for some words S = 1, R and some integer n ≥ 1.
W has a proper major left factor which is also a right factor.
|W | ≥ 2π(W ) and W = 1. 
are powers of the same word and AB = BA, a contradiction.
General results.
Each 2-piece word is simple (Theorem 5.5 Given a 2-piece word W, W * inherits properties as follows:
Theorem 5.5. Each 2-piece word is a simple word.
. By Lemma 4.6, A is a power of X, so is W and hence so is B. Thus AB = BA. Case 1: Proof. First prove results (1)- (7).
Then ABCV or CV AB has a major left and right factor, namely, CV or AB, respectively. Thus ABCV or CV AB is periodic by Lemma 4.13, contradicting W is plain. Thus (4) is true.
This implies (7). Now (i) follows from (3), (6), (7) and (ii) follows from (i), (2), (4), (5). 
Using the 2-piece property and Lemma 5.7 Part (i), it follows that
and W is periodic by Lemma 4.14, a contradiction. So (3.1d) is true.
If
Remark 5.4, Case 1 applies to W * so W * is biperiodic.
Theorem 5.9. Each biperiodic word is a 2-piece word.
Proof. Let W = UV be biperiodic using P, Q, R, S, U, V, m, n. V U is biperiodic using R, S, P, Q, V, U, n, m. By symmetry and Remark 5.3, we may assume |SR| < |P Q|. By Conditions (3.1a), (3.1b) and (3.1c), SR < P Q and QP < R(SR) n . Define F, J by SRF = P Q, QP J = R(SR) n . We now check that W satisfies the definition of being 2-piece by using
Thus W is 2-piece.
Factoring some 2-piece words.
The 2-piece words to be factored are two types of biperiodic words. 
Definition 6.3. A word W is binary-1, binary-2 or binary-3 if (6.3a), (6.3b) or (6.3c), respectively, with AB = BA. Call such W binary. Terminology for later use: W is binary-1 using A, B : AB = BA and W is binary-1 for A, B, h, i, j. Similar terminology applies to binary-2 and binary-3. Proof. Assume (6.5a). Then SR < P Q, QP < RSR imply P Q = SRF, QP = RSI, R = IJ for some words F, I, J = 1. |RS| < |P R| < |P Q| imply |S| < |P |, |R| < |Q|. Using these inequalities and SR < P Q, QP < RSR we get P = ST, Q = RU for some words T, U = 1. Thus (6.7a) is true. (6.5a) follows easily from (6.7a).
Lemma 6.8. If W is biperiodic-1 * then W is binary-1 * using A, B : B = 1.
Proof. By Lemma 6.7, we can assume W satisfies (6.7a) from which we deduce:
since (1) and (14) and (15).
Using (18) and (19) with Lemma 4.14 and (16) and (19) with Lemma 4.14, we have:
Similarly from (17) and (19) with Lemma 4.14, UP R = A(BA) c+p . From (16), (17) and (18),
Lemma 6.9. If W is binary-1 * using A, B : A = 1 then W is biperiodic-1 * .
Proof. Assume word W satisfies (6.3a) with A = 1, m = n = 1. Since i − h ≤ i + h − j, there exists an integer r with 0
W is biperiodic-1 * with (6.5a) true because:
Theorem 6.10. A word is biperiodic-1 if and only if it is binary-1.
Proof. Assume that W is biperiodic-1 with P, Q, R, S as in (3.1a)-(3.1e) and (6.2a). Word W 1 = P QP RSR is biperiodic-1 * . By Lemma 6.7, (∃F, I, J, T, U ) satisfying Condition (6.7a). By Lemma 6.8, W 1 is binary-1 * and satisfies (6.3a) for m = n = 1 and some B = 1. As in the proof of Lemma 6.8:
If AB = BA then by Lemma 4.4, A, B (and hence W ) are powers of the same word. So W is a proper power, not simple. By Theorems 5.9 and 5.5, W is 2-piece and simple, a contradiction. Thus AB = BA and W is a binary-1. Now assume W is binary-1. Define P, Q, R, S as in proof of Lemma 6.9 so that: (3.1e ) is true and W is biperiodic-1.
Theorem 6.11. A word is biperiodic-2 if and only if it is binary-2.
Proof.
If AB = BA then by Lemma 4.4 W is a proper power, not simple. But W is 2-piece, simple by Theorems 5.9 and 5.5, a contradiction. So AB = BA and W is binary-2. Now assume W is binary-2. Use Q = A(BA) i , P = R = 1, S = AB, n = j, U = Q m , V = R(SR) n . Then (3.1a)-(3.1d) and (6.2b) P = 1, |SR| < |Q| are true. Suppose URS = SRU. Then
n hence, AB = BA, a contradiction. Thus (3.1e) is true and W is biperiodic-2.
Theorem 6.12. Each biperiodic-3 word has a binary-3 cyclic permutation. Each binary-3 word has a biperiodic-3 cyclic permutation.
Proof. Assume W is binary-3.
) is true and W has a biperiodic-3 cyclic permutation (2) and (4).
from (7) and Lemma 4.11.
by Lemma 4.9 and (8). (10) (∃t ≥ 1) T J = (DC) t from (9), (5) and Lemmas 4.4 and 4.5. 
apply Lemma 4.14 to
by P = SRT, (8) and (11).
from (16), (17) and
from (18), (19) and
by (20) and (21). 
from (17), (24) and (25).
If AB = BA, it follows that W 3 , W are proper powers, not simple by (25) and Lemma 4.4. However, W is 2-piece, simple by Theorems 5.9 and 5.5, a contradiction. So AB = BA and W 3 is binary-3.
Some nonperiodic binary words.
We prove that binary words, with some restrictions on their exponents, are not periodic. Details are in Theorems 7.5, 7.6 and 7.7. In the proofs, AB simple, A, B = 1 can be assumed in (6.3a)-(6.3c) instead of AB = BA because of the following lemma. 
So W is binary-3 for C, D, p(i), p(j). Thus (ii) is true for
By Lemma 7.1, binary-1 and binary-3 words are products of words X k defined below. Results about such products appear in the next two lemmas. 
Definition 7.2. For fixed words
Take reverses to get (7.4b).
Theorem 7.5. Each binary-1 word W with n ≥ 2 is not periodic.
Proof. By Lemma 7.1, Definition 7.2, W = X i (X j ) m (X h ) n , 1 < h < i < j ≤ 2h for some A, B = 1, AB simple. By (4.13a), it suffices to prove that each major left factor of W which is also a right factor is equal to
where G is a product of one or more X j and H is a product of one or more X h . It also follows from Lemma 7.4 that: 
GH and the start of (X j ) m (X h ) n−1 have the same X k factors. (7.5c) GH and the end of (X j ) m (X h ) n−1 have the same X k factors. (7.5d) Proof. By Lemma 7.1 and Definition 7.2, W = (X i ) m (AB) j , 1 ≤ i, i+1 ≤ j, m ≥ 1 for some A, B = 1, AB simple. By (4.13a) it suffices to show that W has no proper major left factor which is also a right factor. Suppose F is such a factor, 2|F | ≥ |W |, F < W > F. We show this implies AB = BA, a contradiction.
Since
F has one of the forms: Proof. By Lemma 7.1 and Definition 7.2, W = (X i ) m X j , 1 ≤ i, i + 2 ≤ j, m ≥ 1 for some A, B = 1, AB simple. By (4.13a) it suffices to show that W has no proper major left factor which is also a right factor. Suppose F is such a factor, 2|F | ≥ |W |, F < W > F. We show this implies AB = BA, a contradiction.
Thus F has a right factor X i X a for some a, 1 ≤ a < j and hence F > BAX a . Also W > ABX a . Therefore AB = BA. 
Examples.
We give 2 sets of examples of biperiodic words W = P QP RSR over the alphabet {a, b}. In Example (9.1), |P R| < |RS|, P = 1. In Example (9.2), |P Q| < |P R|, P = 1. Therefore (6.2a)-(6.2c) are not true. These examples include g [24, 18, 3, 10] and g [24, 18, 15, 14] for the function g defined in the previous section. 
